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AI IS’llI{A(:’.I’

‘J’llis ])al)cI ])lcsc)lts  aIJ(l d i s c u s s e s  ])llysica]  lJlo(l(,ls fol  sill)lllatil]p; solJI(  as])ccts  o f
11( ’111:11 illt(lli~;(qlc(,  aII(l i]) ])~llt,icll]al, tlI(’ 1)10(”(ss  of Cop;llitioll.” ‘J’li( IIl:lill (l(]) :IItllr(’  flolll
class ic:i] II1)l)I();I(lI  11(1(’  is ill lltili7fati(Jll  of t(llllillal v(wioll  of classical (Iyll:lll}ics illtlo(lllcd
ill [1 S.19). II:isc(l 111)011  T’iol;itiolls of tl)c l,i])scllit7  coll(litiml at c(]llilil)lilllll  l)oillts,  tel.lllillal
(Iy]l:llllics att;iills (~vo IICW fllll[liilll(:jjtal  l)lo])(lti(~s: it is ilr(~’(’l sil)lc <I II(I IIol}-(l(tc>llllil)istic.
Sl)(cia]  att(’lltioll  i s  focuse(l 011 tm))i)lal ]Iclllc)(lyl];illlics a s  a  ])articular  alcllitcc.turc  of
t(’I’lllill ill (Iyllalnics  Ivl)icl] i s  sllital)]c  fol  IIlo[l(llillg; o f  il]fo)lllatioll  flo~vs. ‘J’cllllillal llcu-
I ()(lylltllllics ]) OSSCSSCS tI ~rcll-c)lg;tllliz(~cl  ])1 ol)al. )ilisit,c Stltlct.lllc  wllicll C?III l)c allnlytically
])lc(lict(,[l,  l)lcsc]ilwd,  :IIIC1 coIIt Idlc(l, ?IIICI tllc]efol(, \vl]icl] l)l(xi(:lits tI l)()~v(]fu]  tool fol.
l]l(xl(lli])~  leiI1- life Illlcclt;iillties. ‘1’JV() Ijttsic 1)1 I(lIol IlclI:I assc)ciat((l  \vitll l:tl I(loIII l)cllavic)l
of II(ll)()[lyll:il))ic:ll  sollltiol}s” al(’ exl)loit ccl. ‘J’11(’  first 011( is }1 stoclli(stic  iItt I; Icto I - a sial)lc
st,[ltiol);ll~.  stoclltlstic  l) IOCRSS to ivllicll 1:111(10111  sollltio]ls” of c1OSU1  systcl  Il coIIvcI~c, A s  a
1110(1  (’1 of Cogllitiol]”  ]) IC)CCSS ‘t 1,  a  s  w Iastic att)’{ictol  CaII I)c \’I(,\vul :Is ;I Il]liv(:]sil 1 tool for
~;(ll(l~lli~:lti~)ll  ~111(1 f~)llll:lti~)ll of claws of l)at tolls. ‘1’lIc col)cq)t, of stocl]astic  ;Ittlactol is
:i])])li(~(l to lII()(lcl a coll(~ctil~c I.)laill l)aladig,lll (~xl)lai)lillg  Cwol(lill:ttioll  l)ct,~v(y,ll silll])]c units
of illt(,lli~,(’llc(> Ivllicll  l)crfollll  a collective task ]vitllollt (Iircct, exclIaII~(*  of illfollllatioll.  ‘I IIIc
S(, COII(l f(lll(l;ll)lclltal  1)1 ICI IO IIINIOII  disc{ lsswl ill tll(’ ]); I1)CI is tmlllillal  cl Iaos Irllicll occul.s ill
01)(*11  systcllls.  Al)] )licatio]ls  o f  tcrll]i]]al cl Ia(w to i]]fol]])atioll  fllsioll :IS ~v(lll :Is to (,x1)]aIIa-
tic)ll :Ll](l l))o(l(llillg  o f  coordination  alIIolIg l]clllol)s  ill l)i(.)lo!;ical  SJrStClIIS ?13c discllssd. lt
s] IO U](l l)c (>lIll)]):(sizcCl t,ll}lt, all t,]le II1(I(lC]S of t.(~]ll]i]]ill llcll)()(l~’ll;i))li(.s aI(J illll)lclll(:llt?il)]c
ill :I]I:II():; (Irvicm,  wllicll IIlcal Is tlltlt ;Ill tllc cop;llitioll”  ])loccss(~s (liscllss(~[l  ill tll(, ])i I1)(v aIc
](xlllcil.)lr  to tl)e la~vs of h’c~vtolli;i)l  111(’cllal)ics.

1. IN”J’I{OI)LJC;’J’IC)N

‘.I’lIc l)loccss  c)f ]Iulllall cog]]itiol) Iq)lcscllt(,d I)y illfolll):ltiol)  flol~’s 011 a  ccltaill  til]lc
SC II1(,, C: III 1.)c l~i(,~vccl as a (lyllalllict~]  ]) IOC(WS. ()]] a tillle sca]c of sccolIds ZIIICI I]lilkutcs, t]lis
])l(wcss l]as a sc(lu(>lltiiil cllaract (*1 [8] (iIcc(.l)t alIcc, Icjcctioll, 01 lc])lacclll(>llt  of i(lct~s). 011 a
lII(lcll  sIIIallcI  tilllc  scale (lcco~;llitioll  of \\K)I(ls aIl(l illl:lf,w)  it CtIII k rcl)lcscultc(l by ])arallel
(listlihlltc(l  ])lx)ccssillg. }Im]cc, aII u]l(l(]l!’i]lg;  (Iy])al]]ical  s~’st(’]11  lvllicl] III(xlrls tllc co~]]itiml
])1’oc($ss(w, sIIOI1]C1 I121V(,  a COIII1)l CX llllllti-sc:ilc  structlll(’. IIllt raII sue]]  :1 [lyllalllic:il  systcIIl
1)(’ (I(vil’c(l flolll  ])llysica]  1:1~~’s’? +llIs\lrcr to this fllll(lall](lltal  qllrstioll  d(vi(les  tllc scientific
colllllltl)lit~r  illt[) wcl[lcti(. ))lists a]]cl tl]cil ()])] )()l)(,l)ts, ACCOI dil]g to tll( rul~lctiollists,  tllcrc
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i s  ali il)trilisic  llllity  of scimlcc,  :111(1 tile] (’ ZII(’ 110 il)(l(q)(’li(lellt  1( ’v(’ls of lllo(l(>llil]~;, i.e.,  a l l
II; ltlll’ill ])11(’110111(’1121 ~11’(’ I((lllcil)l(’  to ])1]}’sical  ltI\vs. hlost of III( I)iolop;ists” alI(l cogl]itivc
s c i e n t i s t s  (’x))](~ss (Iolll)ts :IIM)II( SIICII ;I ])(hsil)ility. III this ]):~]xl, 1(’l]l:lil)i]]p, lIcIItI:~) t o
])l)i]osol )]jic:tl” :is])(’cts  of tll(, 1)1’01)1(’1)1, IV(’ \\’ill (1( ’ll)oll Stl’ilt(”  tl)(’ ])ossil)ilit~r to (1( ’1”(’101)  SUCII <l
(Iyll:illlic;ll  systclll  ~vllicli, I)eillg i~lll)l(lll(~lltill)l(~ ill :Illlilo~; (l(~~ic(v+, c}!]) sillllll:~tr s()]]lc :isl)ccts
of 11](I  ])] OC(WCS of llII]II:I]J  cogllitioll.

011( of tllc ol(l(st  ;III(I tll( IIlost cll<tllellp;i]]g 1)101 )1(’11]s  ill cogllitil’(, scicllcc  is to llll(lrl-
st, tIII(l  tl](,  l(~l:ltiollsllil)s l)(~t,\\’((,11 co~lli!,iv(,  ])ll(sllolli(’lIiI  all[l l.)l~(ill f(lllctiollill~.  Sil~c(*  tilicicllt
tilllw  a 11]~’st(ly  of Illilld :ittlactr(l ])llilosO1)llels,” II(lllosci(l)tists,  l)sycllOlo~;ists,  ” a]l(l l a t e r ,
Ilk;(tl)(lll:iticitills,  1)1)~’sicists, etc. ()]I tllc lillc JVitll attcl]ll)ts  to ulldclsti(lld  altd to silllulatc
l) I:ii)J :icti\’ity its(lf,  tllcl(’  lJal’c l)ccl] ]I];ilI~f sllcc(ss(vi ill CIcvelo])lllellts  o f  l)raill-style  il)for
IIl:itioll ])lvc(’ssillp; dcviws  ~vl]icll foclls 011 I)ltlil]-illsl)il(>cl  ]Ilodcllillg  latllm  tlmll Illoclclill$;  o f
l)l:lill  ;is a l):llt  of a 111111]:111 l)ody. ‘1’lIC l])ost l)()\w’lflll il)follllatiol)  ~)lwccssillg, dcvicc  of this
killcl is a dig;ital  co)l])utcr  wllicll 1}:(s :(voll~tiol]izc(l”  scicllcc  all(l tccllllology  of mlr ccultury
[t]]d (’J’c]I cli?iIIgd  tl)e life style of t lIC \l’l Iol(” soci(’ty. ‘llll(J dig;it:il col)ll)utm  l)cca)]]c t h e
filst  calldi(latc  fol tllc 1111]11:111 l~raill Illo(l(,llillp;. }~ltifici~ll  illt(~llip;(~llce r(’se;ircll(’]s  I)ldict. d
tllzlt  “tllilll:illg; ll)~lcllilles” \\”ill tilli(’ OV(’l° 0111”  111(’llt  <11 \\rol’li. l’llt llroloF;ist”s ll:i~f( ])roclailll(d
tl)(’ l)i)tll  of  a 11(’~~’ sl)ecics, II]ilcllilltl s~ll)i(lls  that \\’ill  Slial(’ 0111 l)lacc }Is tllc illtclli~;cllt
so~’(’lri~;lls of 0111 (~a)tl]lv (lolll/lill.

Nc)t~\’itllsttill(lil)g SOIIIC t(cllic;’(.~lll(~llts  ill tllr “tllillliil]g; IIlacllillcs” [lc\’(lo])lllcllts,  it
s(,(~l]]s V(q.y ll:llili(’1~ t h a t  (li~;ita]  CO1lll)llt(>l’S, \\’itll their folllldatiol)s”  c)ll Iip;id, cold log;ic,
al)(l fllll ])l(,(lict:t  ljility, Cal] l] Iodcl c\’clI sillll)l(~st l)iolog;ica]  systcllls  \\’llicll arc fl(xi})lc,  clw
:Itivc,  ti]]cl to :( ccltaill dcgrcc,  illatiolltil, 111 a(lditio]i  to t]lat,  tll( llJ:lill l)lztill cllalactclistics
\vllic)i colltlil.)lltc  into illfor))latioll  ])wccssi)l~;  :ile (lifIercllt  flwlll tllosc  of di~ita] Col]l])utcrs.
1]1(1((’(1,  ]](111011s, :ls tl]c l)asic llalcl]v:ll(’  o f  tl)e l)raili, a]c ill IIlillic)li tilll(w slc)\\’(]  tllall  tllc
i:Jforlll;~tioll”  ]))x)ccssi)lg; (~1(’lllrllts  of scri:l] collll)lltcls. ‘1’llis  slo\\” s])C((}  is collll)clls:itc(l  l)y all
(Jxtlrlllcly  lalgc ]ILIII]l.)C] (u]) to a ]ILIIJ(I1’C(l  of l)illiolls) of IJCIIIOllS as active  l)loc(v+sillg; u]lit, s
\\’lJicll arc lligl)ly il)tclcc)llllccte(l. }leIJcc,  tll(’ })raill succ(ds tllroll~ll  lllassivc  l)nralle]islll
of ii 1:11’gc  Illllnl.m’  of Slc)w Ilmll’oils, Hllc1 tl)cl(>fow, tllc Illcclli(llisll)s  of )]lilld a]c II)ost lilicly
I)(st  Ullclclstoc)d as rcsllltil)g  frolll tl)c cool)rrati\’c”  activity of \’(’ly lJlaIly  relatively silJl])lc
])mcmsillf;  Illlits workil)g  ill ~)a]allcl Iatll(:l  tlla)l l.)y f a s t , but, s(qucl}ti:l]  l)roccssi)lF;  ulJits o f
dip;ital  Colnl)utcrs. ‘1’lK’.1C!  ale  llia]q’ illdilwt cvidalccs tlJ:lt  t!lle Stl’tlctul’e of tllc CO111])Ut21-

tiolla] l)rocdllrcs  i)) (ligital coln])lltcls  a]](l l)l:iills  HI( :ilso (Iiff(ualt: il}stea(l of ca]clllatillg
a sc)]llt,ioll Ilsillg s(quellccs  of ligi(l  Itll(’s, t,ll(~ ])lilllt~l.y IJI()(lc  of col~i]}llt.iltioll  ill tllc brail~ is
ltltll(’1 :(ssoci~ltcd \vitl) a l(~lnxatiol J l)]occ(l(ilc,  i .e. , \vitll s(’ttillp, into n sollltioll  ill tllc s:tlllc
\\’ay ill \vllicl) ti cl~’llall)ict(l systcvll coII\’(lg(’s to all z~ttlilctol. AllOtl JC1’ clifl(lel~cc lwtwwl
ii digitd coll)l)utcl  and tllc l~raill i s  ill tllc lllccllal)isllJs  o f  1(.’arllillg al](l lllclllory  storing,
‘.l’l]clr is ;L llulIJ1.Nl  of f?tcts sllF;~;(’st illp; t IIat t 11(: lillo\\’1(’(1~(”  is ill tllr cmlllcctic)lls l.)ctw’ccli
tll(’ 11(’LII”O1l, l’atllc’r tll?lll ill tllc l l e l l l ’ o i l s  t] J(’l JISCl\rCS,  \vllilc tll(w’  col Jll(’ctiol)s II:tvc  a  c l e a r



illte))dd k) illtcract w i t h  tllc c)bjccts  of real world  ill tile same way tile l)iolc)gical systcnns
(10.

A s  a dyllallliczil systolll
\\’l)icl) ])lm’i(lc tl]c cxist(qlcc
l])()(lifi cilti()lls of IICLII:II llcts.
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(1)

Y\ II illl’;kli:tllt  (.llill?ictclizillp; l(wal (lissi]~;it i\rit~f of tll(’ syst(.’lll  ( 1 ) is (’xl)rws(’(1 ml)licitly
vi; i its l)iil:llll(’tels:

(2)

Sillcc  tllc systmll (1 ) is ]Iolllillcar, it CaII l]ave lnore tllall ollc attractor;  collsequoltlyl
ill SO]I]C dolllai]ls of ])llasc sl)acc, tile illvaria]lt ( 2 ) ll]ay bc ]K)sit ivc 01 mm.
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c. l,ilnitatio])s of Classical AjJ])roaclI

)/

.i”i -{ .1’1 = >
: I;jo(.lj)-l  1,, /= 1.2.,..?/ (4)

ill w’liicll [’j(i) i s  tile ]llcal) smna ]mtelltial  o f  tl)c itll  llcllloll, !l~j ~l”C COllStallt syllal)tic
illtcl(”c)llllcctic)lls,  0(.1”)  is a sigllloid f~lllctiol], Ii is ?ill CXtC1’11{11  ili])ut.

l“irstly,  tllc llculc)ns perfollnallcc  ill tl]is lnodel is collcctivcj l)llt II{)t  ])aralld: ally Slllall
(“ll{lllp;c ill tulkc a c t i v i t y  of  all l’tjli  llCI1lOI1 illStilllt  tIll(Ynlsly  dl”(’cts  all otllel’  lICllrol  Is:

(5)



.

SU’olldly,  tl)c ]K’1’follll:ll]c(” o f  tllc ]II()(lCI  ( - 1  )  i s  f~llly  1)1(’sc”lil)((l  1)~”’  i]liti;ll cc)l]clitiolls.

‘I’l IC S>st(’11)  llCYP1”  “fm’g(:ts” t]lcsc  Col](litiol]s:” i t  callics tllrir ‘“ l ) l l l ’de l l”  11])  to f ~ cm. 111

01’(1(’1’ to cllall~;c  tllc sJ’stc’111 ])(’I’f(”)l’l  lltlllc(’, tllc’ Cxtellliil illl)llt lll~lst ovcl]x)\\JcI tllc “illcltia
of tllc ]Hlst” . 111 Colltlfist  to tllnt,  tllc l)iological syst(llls ZL:C ]]lllcll  lIIOIC flcxil)lc:  tllcy  c~t])
forget (if l]ccessnry)  tllc ]Jast adal)tillg  tllcir  l~cllavior to cllvilc)lllllfllttil  cllallgcs.

(6)

J i , 2’i(t,2’ 1,....)>/)> i: 19,,L, . . . 71 (7)

Actllally,  all  tlJe lil])itaticms of tile CUNC
illcvitnl)lc  co]]scqucllccs  o f  tllc l,ilmllitz col](
classical dyllaluics.

d .  ‘J’cu-]ninal ])ynamics

]t ]lcllral  IIct IIl(Klcls IIlclltiolld almvc are
itioll  (6) 2\lI(l tllclcfore, of dctcrlllillislll  of

I t  has lolig km] rccc)gllizd tl]at  clfissical dctmlnillistic  dyllalllics  i s  Ilot sllital)lc  for
cit])turillg  tile truly  clyllamics b?llavior  of lcal-\\’oIld a])])  licatiolls, :11](1 ill ])alticlllal,  tile
dyllalllics  of il:follnatioll flows, tllc dyllalllics  of Illulti-clioicc  llllllmll Lwllavi(w,  e t c .  . 4
l)lilll:uy rcaso]]  i s  that  t]lis killcl of dyllalllical  l))occss(s  ale cllaIactclizc[l  l.)y ullccrt,ailltim
\vl]icll  alisc ill a cl~’llalllic scttillg (fol il]s{alice, \YllP]) illforlllatioll  tl)at will lw llmdcd
ill slll)sml~lmlt (Iccisioll s t a g e s  i s  not yet availaljle  to tllc dccisicnl lllakc]). lJllccrtailltics
iirc dcsuibd for l)urlmscs of  lllatllcllliitic:ll  alla] ysis by l)rol)al)ility  tllcory, a]lcl dyllalllics
sill)lllatillg  c~’olutiol]  of Illlccltailltics would acqllirc  stocll~st, ic l)roIwrties.

‘1’lllllil]g to ,g,ovclllillg  cqmtious of classical [Iyllalllics:
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(8)

‘1’lle [Iq)nrtllrc  frolll that coll~litioll l\’<ls ])Io])(KCKI  ill [1 8], \\’lIclc  tllc foll{m’ill$; dissi]m-
tiol] fllllctiol]  was il)trodllcul:

(9)

(10)

(11)

. .
I



(13)

If .4 > 0 all(l k < 1, tll( c(lllililjlilllll  stiitc  1.’ = O is ;ili attl:ictO1  ~vllclc tllc l,il)scllitz
coll(litioll” (1 d};;/dJf; 1- } LX <It 1,’ - J ()) is \’iolilt (’d. Sllcll a tcmllillal attl;lctol is a]~l)lwacl]cd
1)~’ tllc solllti{)ll oligill}it{’(1 at },’ = Al,’,, >  ( ) ,  ill fillitf’ tilllt’:

Ol~viollsly, this illteg;lal [li\wlgcs ill classical case k > 1, \vlIclc tO - } 02, ‘1’lle Illotiol]
d(’sclilwd I)y I;(]. ( 1 3) has a sillg~llal sol~ltioll  II; : 0 and a rcp;ular solution:

11] a fillitc  tilnc the Inc)tioll call reach tile equilil~riullJ allcl s w i t c h  t o  tllc sillgulaJ
sol~ltioll  }; ~ O, a]]d this switc]l  is ill(>\~clsil-)lc~,  F’ig. 1 .

.AS  \VC.11-lill[)\Vll  flolll  dyllall)ics  of  llol]-colls[lviiti~f(”  syst(llls, (lissi]mtiv(~  forces  call

dc’stabiliy,e  tllc lllotioll  \\’lIcll  tll(’~’  fcc(l  tllc cxtelllal  (II IcIgy il)to tllc systclll  (tllc tlalls-

lllissioll  o f  cllcl~;y flolll  lall]illal  to tllll)lllellt  flolv ill illlid (Iyllalllics,  01 froln lotatiolls to
osci]latiolls  ill dyllalllics  o f  flcxil>lc systcllls).  III tclllls o f  ]’; q. ( 13) it \voul<l llleall that
A > 0, and tllc cquilil)liulll  state l; = O  beco]]lcs a tcwl-lillal rqdler [18].

If tllc initial collditiol]  is illfillitcly  close to this lq)cllcr, tllc tr:i)lsicllt  so]utiml wi l l
Cscalw it during a fillitc  tilnc  ]miod:
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‘j’lllls, a tcllllillti]lc l)cllcllcl)  lc,sf.lltsti \~itllis]lillgly sll[)lt,l)llt illfillitclyl)c)l\r(lf{ll  ‘(l)ulsc
of Illll)lc{li(”tz(l)ility” \vllicll is l)lll]]]d into tllc Systclll l’iil tcll]li]l:il  [lissilmtive  forces .  ob-
vio~lslv failuw  o f  tllc mliqllcllms  o f  tllc sollltiol] lICIC ltslllts fro]ll tl~c violation  o f  tllc.
IJil)scllitz  collclitic)ll at t) = ().

-ii , 1/(2’1, .1”2, . . . . /’),),/: 1 , ? , . . . ? / (17)

all(l  A’ < 1 .

(18)
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‘J’11(’l”cfm,

(19)

As ill cltissical case,
ci~;cllv;llum of tllc Illatrix

.i j : 0

tlIe cquilil.)rilllIl lwillts  alr attractors  if  t.llc rca] l)arts  o f  tllc

‘“‘ II ::; II.’ (20)

(?1)

]Iasic  II)athclllatical  and ]Jl)ysical  aslwcts of tull]illdl dyllalllics  arc discussed ill [10-19].
llwmlt]y  all analog W,SI circuit was desig;lld,  Jt’l]icl), wlI(’11 olwatd ill tllc sill.)tlllesllc)lcl
(lc)lIlai]],  II Ioclcls tllc tcmlillal attlactc)l/lcl)  cllcl l)lIuIoIIIuIa  [1 ].

3. ‘1’1’;l{.MINAI, NI’;lJllOl)\’N Ah41C:S
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I t  slIIIlllcl lx’ (llll)llt~siw(l  tllc fllll(l:llll(lltt~l  (lifl”(l(lic( l~(t \V(Y’11 ])l’ol)ill)  ilist ic l)lol)(lti(vi

o f  t(’1’lllilliil  dyllalllics  al]cl tlios(  of stocll: istic 01 (lliloti(.  (lifl”(l(~llti:ll  (~(lll;ltiolls.  IIl(lrc[l,  tllc

I: II ICIOl  II IIe  SS o f  stocll:istic  difli~l(~liti:ll  (’(l~~:itiolls  i s  (.;  II Is(’c1 l)y IZLIIClOIII initial collditiolls,

I; II I(lOIII  fc)lcc  01 lal IdolII  cocdlici(’llts:  ill (ll~lotic  (L(jll:(tiolls  sIIIall (l)llt fillitc!)  Iiil IdOIII

C] ItIIIgI;CS  o f  illiti{il cc)ll(litiolls  {Ilr iillll)lifi(’(1  I)j.  tll(’  111(’cll;i)lis)ll  o f  illstnl)ility. IIut ill tile

l)otll  cascw tllc diflklwltial  o])(viitol  i t s e l f  r(’11]/iil)s  (I(t(lllliljistic. IIi  colltl~((listil]ctioll”  to

tl]at, ill tcrlllillfll  (l~vjalllics  lalIclolIIIIrhs  l(slllts  flolll tlI( J’iolatioll”  o f  tllc Illli(lll(llcss  o f

tll( sollltioll”  at Ccjllilil)lilllll  ])oillts, :111(1  t 11(’1’(’fol(’,  t 11(~ (lifl’(’l(~llt  i:}]  ol)(>l+ltol”  it s(,lf  g,(~ll(~ratcs

l’illl(lolll  Sollltio]]s.

‘J’cllllillal  II(lllo[lyll;illlics  is
]):ir[l(li~;]]].

h, ]{c?llldC)lll  Walk l’aradig>m

I)tis(xl  LI])OI1 :1 I)llysic:ll il]]l)l(lll(llt:ltioll of l’alldolll  walk

7[ I//[k
.1’ ,,, z

A’ ““ ““”’ -2’- ()(1’:’ ””””(’tc”c”

tllc l,i])scl]itz  ccmditioll is violated:

11

(25)



(27)

(2!3)



71<1

V’-) () ’f*-’() (30)

(31)

(3’2)

[E, - :(L -1 1;; ‘ )],f  = o

Wll(’]’c  I’/’f  a n d  }’; J al”c Shift O])cratol’s:

(33)

(34)

(35)



(N)

:Isslllllillg;  that

(37)

c. Siocl]astic At t rac tors  ill ‘J’erll~il~al  ])yl)amics

l;:r ~vill stalt \\’itll tllc f(Jllo\villg ollc- dilllcllsiollal  dyllz~l]lical systclll:

It 11?1s tllc fol]owillg  Ccjllilil.)lilllll  l){)illts:

*
.1’,,, :

“]’csi’’(%  ’’”)’ ‘“‘ ““”-  “ -  “()’] ’z’””  ”ctc”

(38)

(39)

1/ * *))1 : J 1!1  - 2’)),.  ]: :llcsill(~’  ,)1) -  alcsil,[f’  (,11  -  1 ) ] )
w’ u-’

14

(40)



(41)

* 71 (k * 7i <t
{/,,,  :

‘A’’”$ “’” “  “ ’ ” - ‘  ‘ ‘d~”

(43)

(44)

If tll( sol[ltioll”  of 1;(1. (-13)  slll)j((t  to tlI( lXJIIII(l:IIJ-  ((~ll(litioll (“i’l) i s  fo(ll](l:

(45)

tllcll  tllc sollltioll  to tllc origili:il l)Io1)lCIII i s :

}“W bdtm l)}lysical illteIl)Iet:itic)l]  of tllc st)]utioll  (S0) Collsi(lm  a lilllit case wlIaI

‘1’11(’1)  1’;(]. ( 4 3 )  tl’2111SfCl”  to tll(’ l{ ’olili(’I’-l  )l?lll(”l{  ((llltttioll:

(48)

1 5



I t s  sollltic)ll slll)j(ct to t]]{’ illiti:il  cc)llflitiolls:

all(l, tllcl’(’fm,

lidullli]l~; to tile oli?;illal  vali[il~lc 2, OIIC ol)tail]s illstcacl of ([)3):

f(.1’)  = 0.[) I /J’ 1: ().:) (”()s.  ?”, - ; < ![” < ;

11( ’11(’{, ally sc)lutioll oligillatml  \vitlIill tll( illt C’lYill

7i -n
j <.7”<-

?

(M))

(51)

(5?)

([)3)

(54)

(55)

:il\Vay S :11)1)1’o:lcll(w tllc S:llllc statioll:il. y Sto(”llil StiC  1)1’(JC(’SS  ( 5 - 1  )  ~~’llicll  l)l;l~S tll C 1’01(:  [)f  ti

st, oc]lztst,ic  attltlctor.

l(i



olIc ol.)tjail)s illst(,acl of }+;q. (54 )4

(58)

‘1’urllillg; ic) aII 7/- dilnmlsiollal d~’lla]llical systmll, ~~’(’ Ivil] collfillc  ollls(’]f  l)y a slwcial
fol’1  11:

Wllcl (’

,: ]

1;

{Go)



{/] ) i ‘{ > 0 for I !/] l<: .I’,
= () for [ {/, [> .1’,

.Y, < Cx
[l~i

(61)

l’;x])loitill~; tl]e result ([) S), olIc ol)taills  that  tllc s(dutioll to l’;qs. (59)  ]Ias tllc fol]o~villg
(l(~llsit~’ fullctiol]s  ill telllls of tl]c l’:lliiil)l~’s !/, :

.f(yl, ”””. v,,)’
d])

II:: l/’; (!/l), ])’ = -djy
(62)

(63)

1. 147C l\’ill stalt wit]l tile foll{)\villp; l)II)l)lCIII: fiIId a d~’ll:~lllical systclll  wllosc solutiml
is  :Ittr}tctccl to a stoc]l; istic I)Ioccss  wit]] tllc lIollIIal dmlsity:

(64)



‘1’11(’11, Ivitll  ICf(’1’(’]lc(’

.i. = k
-~ Sill

Wl)m’c

:(1) -
d’:(y)

- - -
d~/ ‘

al]({ a])l)lyillp;  F,q. (!57) ollc c)l)taills:

(67)

( m )

(69)

(’i’())

IlclIcc, tl]c sollltiwl  to tllc [Iyllalllic[ll systclll  (70)  i s  attltlctd to ti st(wllastic  ])locess
\\7110sc  (Im)sity f~lllctioll is Cllalactclizr(l  })y tljc IIlolllmlts II, ,

“*<. 111 this  Cxa]]]l)le  wc will  lmse tllc follmvillp; lJloljlclII: fiIId suclI n dyllal]lical  systan
wlIo Sc sollltimls  .71(f) aIr att] :Ictul to a  stochastic  ])Iocess  cllar:lctcrizc(l  I.)y tllc COIIIII”II1  o f

II ICaIIS  aII(l  tllc lnatrix  of )Iiolllcllts:

]g



(1’1)

that

( t? )

II II
--- (1 :$;. 1 .

(’i3)

d--,
() ’/(!/, ) > () fol”  I {/ 1< IT,

(llJt

I)cil
01 ’
to



‘I’l IIIs, tl]c sollltioli  to tll(>  (l~-ll~llllic~ll  h:st(’111  i s  :ltt Iil(”t ((l to tI stocl]:lstic  l)loc(ss  lvitll

lJl(IscIil)((l  ])lol~:il)ilistic  stlllctlll(  (; 1  )  i f  tll( illiti:ll (oll(litiolls”  :11( \\itllill  tll(’  I);isil]  of

:It  traction: I {/, 1< .“,.

4. S’J’OC1l AS’-I’1C ArJ’rJ’}{AC~’.l’Oli AS A ‘J’001, 1“01{ C: I’;NI’;I{ AI, IXA’J’ION

l,ct us first Collsidcr a ddcrll)illistic dissil){lti\’c  IJolllillcar  dyllalllical  systmlls ll]odclld
I)y colll)lr[l  sets of filst c)](1c1 difl’ercvltial  cqlltttiolls  of tllc folll]:

,,
i, : l’:(.r,,7;J),  ?..) : 1,2,...)/ (77)

‘1’llC’ lIIOSt ilu]mrtallt  dlaractmistic  of tllc  li~[ll’(J[l~lli\  ll]iCal  Systcllls  (l’y)  i s  that they

arc dissi]~ativc,  i . e . , tllcir  motiwls,  0 1 1  tllc avcra$;e, Colltl”act  ])llasc S])?lcc’  Vollllllcs  Olltlo

;Itt]actols  o f  10WCI clilllellsic)llt(lity  tll:lll tllc oligilm]  sl)[tcc.

SC) fill” ol)lj” lx)il)t :lttl’tlCt[)l’S  lI:IV(’ l)c(I1  Iltilizc[l  i]]  tllc log,ica]  stlllctlll(’  o f  II(IIIal  llct-

\\’[)1’li  ])(’I’fol’lll;  111 CC: t  llq’ I“c])l’cs(’llt  Stol’c(l  T“cctol’s  (l);  lt t(’1’lls, coll]l)llt?ltioll:ll”  ol)j(cts,  1(11(’s).

‘1’llc i(lca  of stolill~;  ]~att(vl]s :Is l)oillt attrzlctol’s  of  ll(lllc)(l~-ll:illli(s  illl])lics  tll:it il)itial  coll-

figulatiolls  o f  lICIIIWIIS  ill solIlc  llciF;lll)olllc)c)(l  o f  :1 111(’l]loly sttit,c  \\’ill  lW attlact(:[l  to i t .

llcvIcc,  a  lmillt attractol  (01 a s e t  o f  Ix)illt  ~tttlactols)  i s  a ])aladiglll  f o r  IlmIlal  )lct lmfol-

lllallce  based lllml tllc l)lI(JIIolIIcIIC)lC)gy  of l)olllilwar  (lyllalnicill  systeIIls, ‘1’llis ]wrforlIlallcc

i s  a s s o c i a t e d  ~vitll  tllc dolllaill  o f  lowcl  level  I)riiill  Hcti\’ity  sucl  I a s  ]wrcq)tiwl  a]l(l lIlcl  IIoIy.



(W)

sig;]li~]c:i]]t  loss of t]lc (I[lii]it,v of a ])](, sclil)(,(l  ])(,]foll]l?i]l(.(,”?

‘k 11~11’(’  S0111(” Cll;ll’il(”  t(l”isti(”s ill (“01] )111011,” fo] i]]stal]cc,1  (’t 11s :1ss11111(’  tl)ilt  t 11(’ \’(’ctol’s  .l’j

tllcir  cII(ls :IIY loc~itd 011 tl)c S: IIII( ci]cl( of a ]a(lills  7,,, i.e., (:,ft(l ])lol)(r cl)oicc of coo*-
(Ii]lat(v+):

(81)

1’ = ))0, 0: .,:1

“>”1.-

(82)



~tll)l)os(” tll:lt a Ijollllcl((l sot of isolat((l  lx)illt altl:tctols \vllicll c?ill I)c ~lllittcl ill a cl:(ss
(wcll])ics  :1 I1)OI(J  co]Jll)l(’x slll)slxicf, of tl]c l)I]:Is(, S])il(”(’, 1 .(’.. illste;i(l  of tllc circle (80)  tllc
collcc]jt  (1(’fillillg  tllf’ class is:

(83)

(84)d’(.l’],  .l’?, . . ..l’.. ) : /’

‘1’llc cllamctcr o f  tllc Illotiml oll tllc lill]it s e t  clqm]ds  ulmll tllc l)rqmtics o f  tllc
~lll.ftlc(t  ($4 )  ]f (])~~ l)lC)l)C1.  c.]lc)icc of Cc)c)l.cli]latcs) this slllfacc call lW :ll)l~l[~xilllzltccl l.)~ a
t(qx)logica] l)]o(luct  of (?/ - 1 ) cilclcs (i.e., l)y aII (7 I -  1  )-(lilll~,llsioll:il torlls)  tllcll tl)c ]Ilotioll
is (Illtisi-l)cl’io{lic: i t  p;cvlcratcs  oscillations  ~vitll frc(lllcllcics  ~vllicll :irc dmlse ill tllc Ital. lf
tll( s{lrf:ict  (84 ) is lIIOIC col]ll)lcx a]](l is cllt(l~lct(,liz(’<1 I)y a flacti:(l  clilllcllsi[ni, tlLc lllc~tiol~
OIJ S{ICII a  lilllit  set lllllst lw cll{l(}tic: it p;cllcrates  oscillations \\’itll colltillllolls”  slwctrllll}.
1]] l)otll cases tile ]Ilotioll i s  (lg;t)dic: tllc lx)illt [Icsclil)illp; tll( llloti{)ll ill tllc ])lltlsr sl)acc
S(N)II(’I  or later  wil] visit, all tllc ~x)illts of tlic lilllit s(,t, i,c., tllc Ilc[ll’al  llct \vill “l<(’C])  ill
Illilld’) all tllc ]nc)ill.ms  of the class.

‘1’1111S,  i t  Call be Collcludd tl]at  artlifici~l  llc[llal  ll(:t\\r[)l”liS  alv cal)ablc  of ]Wrfollllillp;
lligll IC1’C1  cognitive ]jloccsses  sue]]  as foll]latiol]  of classes of ])fittcllls,  i.e.,  follllatioll of
l](J\\’ lop;ic:il forllls  b:Isd  ulmII  ~;f’lkel:lliz:(tic)ll  I)l(K(KIIII(,S. 111 tcl”llls of tllc ])llcllolll(:llc)lc)gy
of llol~lilici~l tlyllalllics  t,llcsc IICJV logical folll)s  are rq)rcsclltetl  by lilllit  sets \vllicll alc I]lolc
cOIII])lCX Ll)a]] l)oillt attract olsj i . e . ,  I)y l)eliodic  01 Clliloti C attr:ictols.  I t ,  i s  sllowl]  tllatf

forlllatiml  o f  claws i s  accolll])alli(d  l)> (li)llillatioll  o f  a larg;c  IIUIIIlm  o f  (xtra  syllal)tic

il]tclcol)ll(,ctiolls,” ‘~’l]is lll(lIIIs  tliat tllesc lli~;ll  lcl’cl Cogllitil’c l)loc(>ss(,s  illcl(;isc  tl]c czl-

l);lcity  of tlkc llclllal 11( ’tw)l’k, ‘1’llc 1)1 O(Y’C1IIW  o f  fonllatio]l  of c l a s s e s  calI h illitiatd hy



W])me tlIe joint clcl]sity .f(.r] , . . . r,, )  i s  ulli(lllcly (I(>filld 1~~’ tll[’ s~ll:il)tic  \vcigllts ~~j by

111( ’;111s  of F;q. (63).

1“01 i]]sta]]ce,  tl]c illfollllatioli  stolccl  l)y tll(, CIyllall)ical  systeln (66)  is ll]casllrd l)y tl]c
(’lltl’(q)y:

(86)

sillcc  t]lis systelll  lIas a s t o c h a s t i c  attrttctol.  lvitll IIolNltIl  (lcllsity  distlihltioll  (64).

((s’7)

(88)

l)HS stoclltlstic  Eittlactors  with tllc follmvill~; (I(llsit its:

~ 4



7[ )//] 7,()//]  -1 :?) 7i l//j
< .r] -1 .l’y  <

7ro //J -1 ?)

9 ~’-~
< .1’]  ./’/  <

‘-)

(N))

(90)

)//]= .  ..- 7,-3, 1,[),9, (’t(”.; )//2= ... -:),-1.3,5.7, “.. etc. (91 )

llmlcc,  tllc (Ij’l]i(lliiciil s~stcll] (S7),  (88) is c;tl)al)lc of (Iisclilllill:itioll  lwtwcwl  diflcrult
stocll:istic  l):ittmlls , al]cl tllclcfolrl it l)clfolllls l)attcll] lccc)~llitioll 011 tllc level of c lasses .

‘1’lIc collccq)t  of tllc udlcctivc I)raill l]as a])lmre(l  rccclltl~- /is ;I sul)ject  of illtmlsivc sc.i-
(lltific (liscllssiolls  flwln tl)eo]op;ic:tl, l~iolt)~ica], ecological” , social, :I]J(l II);ltl]clllzitictll  \’ic\v-
]x)illts [L,9]. It call 1w2 il)troducd :is a  sd o f  sim])lc Illlits o f  illtclligm]ce  (say, ]lcum)ls)
~v]lic]l call colll]llullicatc  }Jy cxc]lallge  o f  illfol’lllatio)]  \\rit]lollt cxl)]icit  F;]oljal col)t,lo]. q’l]c
ol)jwti~’cs o f  mcll u]lit ]nay be partly  collll)[itil)lc  a]]d lmrtly cc)lltrzl(lictc):y, i.c:., tllc units
C:lll coq)(’1’atc’  01” Collll)dc. ‘J’lle mcllall~illg  illfol’llliltioll” l]la]’ Ijc a t  tilllcs  il)c.ollsistcllt,
oftcll  illllmfcct, llc)ll-clctc’llllillistic,  all(l (IC1?IJ’(’(1, h’c~c]t lICICSS, oljscllat io]ls of working

$~~ci~l ~}r%tcll~s,  :1~1~1  sci(~lltifj~ ~()]]]]]]llllitic~s Sll$;~;CSt  tll?lt SIICI1  collcctivcxills(~ct co]ollics,  . . ‘.<
of sillglc IIllits al)l~eal’ to Ijc I’Cry sllcccssful  ill acllir\’illp;  g l o b a l  c)l~jccti\’cs, as well as il~
lrtllllillg,  lllmllolizil]g,  gellclalizill~; all(l l)lwlictillg;, [Illc to tllcil flcxil)ility,  aclal)tt(bility to
(’ll~~i]()]]ll]cl]tal  cl Ialgm, aIId Clcativity.



W(’ Jvi]l s t a r t  with tl]c ]Ilzltl]f]]l;ltic?il  fo]llllllatio]l”  of tllc col](x.tive l)laill  fol  a set
of tlvo uliits  collsi(leld ill tjllc l)lrviolls  scctioll  all{l dcsclikl I)y F;qs. (87), (8 S). As
Sllowll tllm, this s~’stclll lias Iti]]clo)il sol~ltioll”  wllicll cvclltllally  a])])loaclles  a  statiollaly
st,ocllastic  ])loccss  mritll tllc joilkt, l)rol)al)ilit,y d(,llsity (89). 1’o1’  fllltl)cl analysis  \ve will take
1)1] : 1,111* : - 1 f]”(”)]]] I’k]c (91).

.4s follo\vs floll] tllc so]utioll (S9), ()]ic c:lll fil](l tlic ])lx)l)al)ility  (I(llsity  cllill:lctc’lizillg
tllc ])r]laviol  of 011(’  llllit  (say 0’] ) F;i\r(’ll t]lr lx’l]al’iol’ of a]]otl](~l, i,r., .} ’2.

I,{’t 11s assulllc  now t h a t  tllc Illlit .II (lms llf)t l]al’c infollllatioll  alx)ut tile l.wlla\’ic)r c)f
tllc ullitj .1:2. ‘1’hell the unit 21 will tur]l to tl]c so]lltiol] (89)  wllicll is slll)lmscd to I.w stored
i]] its I])ellloly. 11’]01]] tl]is so]utio]], tl}c co])(liti(.)llal  exl)cctatio]l  o f  2Z g;i~’cl] 71 call lw fou]ld
as:



(93)

(9:))

Z
~, 0<. TZ <71.71 : - (96)

(97)

(98)



{

] COs(: - J’]),$02(12)=  ; ()<1~ < n

O f)tll(ll~isf’

;III[l tllcl(,folc,  tll(’ij  j[)il}t  l)lx)l)aljilit~-  (l(~llsit!.:

(1 00)

(101)

{

;/cos(.T, -{ :) COS(;  - ./”2)/, o<.i,,. r~<7r$0$ (,l’],.{*) =
() otherwise

(102)

As sI](w]l ;IlmYc, tllc sollltitnl to 1’;(1s.  (  1
:~ stt\tiolli\l’y st(>cllastic  l)roccss  \Yitl) tll(’ joint

(103)

(104)



(1(N)

(10(3)
), ] k(l)+ 1

IIclc tllc ull:ivailal.dc illl)llt fl{)]l] tl]c unit. .l~(, )l, . . . r,, is Iq)lad I)y tjl]cir collditim]al
Cxl)cctatio]]  ~;ivcll J’], . . .:r~( z). .As ill t 11(~ t lf’t~- CIilllcllsiollltl  case collsi(lclr(l  alK)\’c, this m-
])(’CtiltiC)ll i s  lllli(l~lcly  (lrfill(,(l l)y tll(’ j[)illt 1)1’ol)ill)ilitj”  (listlil)~ltioli (63). 111 tile Cxtrclnc
case k : 7t - 1, i.e., IVIICII t]lc :Ictllal  illfollilatioll” flolll  otll(r Illlits i s  liot a~’ailab]c, l{;q.
(106) lccll,ccs  tc, tl]e ft,llt,uill{~:

(1OI’)

Jvl]ile tl]c col]ditio]];  tl exlx~ctatio])  ill (107)  clcl)cII[ls (Jllly 011 ,1,. ‘J’llis IIICtIIIS that  all  tllc
Il]lits ill tllc collective  l.)laill  ( 10[)),  ( lo(i)  :IIC folll)llll~”  il)dc]xll(lcllt  . ]Iut its ill tlic exa]lll)lc
cf)llsid(m’(1 :11.)ovc,  tllcil ]Kqfolll)al]crs  :ilc c()(I])lc[l  l)y tl)c “lllcllloli(%’” of l)rcviol~s  collcc.  tivc
liISliS  St 01’(,[1  ill tllc forlll of colldit,iollal”  (’x])~,ct tltiolls,

It slIolll[l lx’ stlcssd t h a t  tl]r ]]laill a[llwllta~;c of tl]c collccti~’c  l)lai]l is ill its ll]]ivcr-
stllity: it  call lxvfol]ll  a l)ul]xxcflll a c t i v i t y  Ivitllollt p;lol)iIl colltlol, i,c. \vitll only l)art,ia]
rxcllal]~;c  of il]fo]lllat,ioll  lwt,wccll  its II Ilits. ‘1’llat, is \\rlIy t]IC co]lccti~’c  I)laill  caII Ill(xlcl
]Ilally collective tasks  wllicll Occlll ill rral life. ol)l’iollsly  tllc ]lclv t{l SliS ale su])]mscd  to lx-

loII~;  t o  tllc SaIIIC  c l a s s  f o r  wllicll  tllc ~ll]its ~v(’1(’ tlai]lccl.  III otllm \voIds, too ll)a]ly ]Iovcltics
ill a lIcw task Il]ay Iecluce tllle cffcctil’cll(’ss  of tllc collwtil’c  I)lai]].

S0 fal. lyc lv[qc co IIccIIIccl  lvit,ll  t ]lc st ILICt IIIC of tllc II1(xIC1  of collect ivc I.)rai]]  lcg~rdlms
c)f t llc objwti~’c  of its ] )[.’lfc)ll]l?l]lcc. III this scctiw] l~re \\’ill  discuss tllc collective  brain  with
ohjcctivcw  for its ])[:lfc)llll?\llcc. lJsIlally  tlIc ol)jcctivc of a ]wlforlllallcc  is reduced tc) tllc
lni])ilnizatioll  of a  fu]]ctioll  o r  a fu]lctimltil slll~jcct to smnc co]]stlaillts.  III t h i s  way tllc
])loljlcIn  lIas, at, least,  a ligorolls  ll]zitll(>lll?ltictll  follll{llatioll)  altllollgll  i t s  sollltjioll IIlay  h

IIot  si]lll)lc.  I1OWCVCT, ill tllc l]lost l)lactica], lc;i] life l)lol)lcIIJs (fo] illstal]cc,  ill c)]wratioll



{

o if fl <()~) : CC’(J  > (1
L’() if O > ()

‘J’11{ il](,(lll:i]ity  ( ]0S) C[III 1)(I illll)lc,lll(llt(,(l bj’ tile follolvillg”  (l~lltlll)ic:ll o(]~latioll [19]:

(108)

( 1 1 0 )

As follows frolll F;q. (1 10), all tllc states  of tllc systull (87),(88) allcl (108) \vl]icll arc
il}side of tllc circle

It is \vortll cllll)llasiz,illg;  that  t h i s  Illlccltaillty is not cxl)licitly  illllmscd l)y ally rigid
rul(’: it is gcllmntlccl  l)y tllc clyllalllical  systclll  itself  as a Icslllt, of tllc la]l(lolllllms  o f  i t s
Ixllaviol, :IIId tllc fuzziness of tllc ol.)jcctivc  f~lllctioll
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0< () (11?)

(116)

wllilc

(117)

(118)

III t}lis case tile alca of tllc Cqllilil)lia of tllc s)fst(l]l (114 )-(1 18) is Jvitlli]l tl)c ring; of
tl]c \\’i[ltll  f:

(119)

a]ld tl]crefc)le,  tllc solutioli  cal I al)])lv;IclI a]Iy of its lmillts.
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(120)

0, < ()

and lloll-o])tillla)  if

6’, > () (1?3)

As follo\vs fro]]] Fkls. ( 1 ]4  ) - (1  16), ill tile c?isc (122)  tllc (l~”llzllllical systclll  \\ ’ill rclll:lill
ill tile quililjriul]l, while ill tllc case ( 123) this systclll  will m’olvr until i t  al)l)roaclIcw  tllc
:ll’( ’:1 ( 122).

III gmlcral,  tllc critcricnl o f  the o])ti]llality  lnay clImlgc ill till]c

M’llile 01 i s  :i slo~$’ fllllctioll  of tilllc  ill a S(’11S(’ tll:lt

(89)



{

o if]’, < ()
Ld , :

~~(1 if 1’, > ()

(127)

‘1’lIc rclatiolls]li])  bctwemi l’;qs. ( 1 14)-(1 16) aIId (1?6)-(1?!3)  q)lcscllts a dyllalllicitl
gaIllc wllicll cllds  wlLclI sill-llll(?~llcc)[lsly:

@j < (), ?111(1  l’, <0 (130)

120).
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(133)

0, = (r~ - n~)z-1 (; - T2)2-.,
2

(/ , (134)

(IX))

l’kls. ( 131 ), ( 132) liavc lalldol]l  solutimls \vllicll  ale attlactccl to statiollal.y  stochastic
l)r{)crss \vitll ill(l(l)t’llcl(’llt  l)lol)fl}.)ility dcllsitics  ( 1 00) allcl ( 101 ), leslwcti\’cly.  ‘.I’l IC Systmll
will  :Il)l)]Oacll al] Cquilil)rillln state if silllultallcwusly

I
l{cca]lillg that  for tl)c cmigillal systcln  (1 14) m]cl (1 lb), tile area of l)cxssiblc ccluililjria

is illsidc  of tllc circle  of raclius a (F’ig. 4), c)llc call see that  tl]c ]XV fcmllallcc  of cdlcctivc
I)raill is Suflicicl)tly close to tllc oligilm] ]wlforlllallcc.
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5. O] ’](;N SYS’J’I’:MS I AT  ‘1’l’:lth41NTAl, NI’:lJl{C)l )}’NAh41C;S

lIIclcccl, ac(ually  tljc oIIly illllmrt:lllt  l):ilt ill this illl)llt is tllc sig;ll of :(/) at tllc clitical
l)oillts.  (’ollsidm,  for CX:IIII1)lC,  l;q. (13 S), aIId SUI)lXW that

nk
sgllt-(f~):  -t, -1, -,-i,  -,-,  (’t(”. atfk=  -  .  .  .

@

k: o,l’~>- $... Ctc

(139)

‘ill Ie IWIUCS o f  :(f) ill lwtwcm tlIe clitical ])oillts a:c Ilot illl]mrtallt  sillcc,  l)y our
assllllll)tio]l,  tllq’ arc s m a l l  ill collll)alisul  to viil~lm of tllc d e r i v a t i v e  i, aIId  tllelcforc,
cil]] lw ip;llolu~. Hm]cc, tllc o]Ily part of tllc illl)llt s(i) \vllicll is significant  ill (letcllnillil)p;
tllc IIlotioll o f  tllc IICU]O)I  (13$) is tl)c sign stlillg ( 139): sl)ccificfitioll  o f  this stlillg flllly
dctcrll)illcs  tile clyllalllics of l’kl. (138).



S1l])])W’  tlltlt

i.e..

(140)

}lowfI\rcr,  ill collt last to a classical \’clsic)ll of 1’;(1. ( 141),

l\’11(’l’C  ./’ ~ O  i s  a static attractol,  tile szl]])c ])oil)t .1 = ( )  i s  Ilot ;I st:ltic, ;I]I(l ll~)t, CVell a
])[’liodic,  l)ut a stmastic attrfictor. Ill(l(’c(l, t 11($1’(’  al’r  S(n’(’ral  Cqllall)’  ])l’O1 ):11)1(’ ])at tcl”lls of
c)scillatiolls:

0 ,1 ,0 ,  -  1 ,0 ;  ( ) , -1 ,0 ,1 ,0 ;  0,1, (),1,(),;  (), - ],(), - ],(),. . . (143)



I

(144)

S(J tllc ]Jml)al)ilityof  ally cc)llll.)ill:iti[)llsof tile ]){lttcll]s  (143) Cilll l~c folllldfl”olll I’;(I. ( 1 4 4 ) .

,

(145)

oln’iously,  tllc last (difI”mioll)  tcrlll  survives olk]y if

As follows frc)lll I+]. (141),

(146)

(147)

(148)

I wl]crc A is tllc I)ilac fullctioll.

37’



(149)

(150)

llmw’vcr, for

( lx?)

3s



(153)

(154)

IJct 11s illtmdllcc Ilolv a sccolI(lar~’  scale llliclc){l~’;l;[lllics \\’itll tll( [)l(lcI  of A’l - J () w’llicll
COul)k’s  lk{s.  ( 1 !53) a n d  (  1 5 4 ) :

(155)

(1[)6)
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(158)

1 )lllill~  tllc lwriod

~ < .7[
.Ls 1

tile sollltioll  to F;q, ( 1L7) l~cl)avcs  exactly  as fol I’;q. ( 141 ):

it has a clmotic a t t rac tor  at x = () sillcc

(159)

Sgll 2’ = SgII (.7 sillti)~i) at f < n/uq (160)

IIllt ill Col]tlast  t o  tllc l a t t e r .  tlI( sollltioll  to F;(1.  ( 137 ) i s  not loCli[’(1  Ill) ill t h i s  c])aotic

{Ittrtict,  or:  c\’clItually  i t  d r i f t s  alf’:iy  flolll tllc lx)illt .r : ( )  sillcc

al]d tl]c scmlario c)f tllc chaotic oscillations call be tllc folltni~illg:

10



( ) , 1  . ( ) , -  1,(). l,:?,  l,?.3, -1,3, -1,:),  (’t(’. 01”

0,1, (),- 1 ,0,- 1, -?,- 1,-  2 , -3 ,  -2 ,  -3 .  -4 ,  ( ’ [ (” (162)

‘1’llis (lrift C:III lw Imulldc(l  if 011( I]l(xlifi(s  l’~(1.  (1L7) as  follm\’illp;:

0,1, (),- 1, (), 1, 2. 3, 4. J>4.3,  ?,l, ().- 1.(),- 1,-2,- 3,- J,ctc,or

0,1, (),- 1,- 2,-3.-4- 5, --1.-3,- 2,- 1 , ( ) ,1 ,05- 1.-2,- 3,-4 (’tc. (164)

IIcllcr, desl)itc  tllc fact tliat  tllc sollltif)l]  to ltq. (164) has a 11101(’ C[)llll)lm  tclll]mral
stlllctlllc ;III(I a larp;cr  lill]nl~(v of lll)])lcclict:il~lc  Clclllcllts, it is still cllalactaizcd  by glol~a]
Collm!llcc: i t  osc i l la tes  cllaotica]ly  with r(x]wct  to .I’ z 0, wllilc the all)l)litlldm  o f  tl)is
<wcilliltiolls  a]so cl Itt IIgcs c])aotically  flol)l  1 to 5.

(1(x))

Jvliow colllljlmity will k ])1’c)])c)ltic)ll:~l  to tllc IIIIIIIIX!I  of lniclc)scl~lcs  ~~,f~, . . . C)ltllcllllllll.)cl’
of 10C;II  tilllcx

‘1’llis l n l l l t i - s c a l e  Ino(lcl calI l)C ass~)ciate(l  Ivitl) cfiscacle of illtlillsic Iliytllllls  wllicll
clmr;lcterizecl tile tcllllmla]  ?Ilcllitcctlllv  of lliclltal  1)IOCCSS[2].
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11(’1’c  tllc S[)lu’

F-(i) :-i-:.? ’(./”- 1 .5 ) (7 -  4)(4. L- .r)(.r - :) (167)

icu] tol;q. (13S)  lmssrssm tlvo (lifl’clult tcllllillz(l clmotic attlactc)rs.
‘J’11(’filst  (jllcllasitsccl)tf:l?it  2 = Otllicl iscl12\ltictcli?, ccll)ytl )f])l(,l)ttl}ilities(  lGG). ‘1’hc
S(WI1(l ()]](’ 11:1s tu~() Cc]lt(’1’s: .1’ = 4  al]d 1 = L ;Il](l i s  cllaract(lizcd  l)y tllc l)lolj:il)ilities:

1’,.(.1=  4): I’,.(.U= L): 1/3, )’,(.1’=  3)= )’, (.r= 6)= 1/6 (168)

():lcc;tllY’clifytl]{lt  thrill)  [lsillsc) f:lttlzictic)l)  zilc,les])fctivcly:

.7’ < 1.5, all(l ./’ > I.L (169)

Sll])lwsc  that tile llliclc)cl~’llalllics (167) illclll(lm S(JI1]C  (xtcrll:ll  illl)llt f(i) ~vllicll call
lw illtell)rctccl  Fis aII olltsidc  Inassagc:

e(i)=.  E:[2’(X - O. G)(:T  - 4)(4, L- . 2 ’ ) ( , 7 ’ -  5)-I f(f)], :.-}O, (170)

‘1’11(’11



l’(f) <- 13<Lat  ./’= 3 (172)

(173)

(174)

(175)

WI, ( 1 73) is idmltical tc) Eq. (141): it IIas a terlllillal  cllaot ic attractor at 1, = () with
tllc ])attcrlls  of oscillatic~lls (143). ‘1’lJC  solutiml to F;q, (174) lias Illolc  coln])lcx I.)cllaviol: it
has H tcvlllillal  chaotic attractor TZ z (1 if .II < 0.5,  ljut this att]actor disaplwars  as sore] as
.?l > 0.5, ai~d tl~c~  solution  a])pmacllt~s  a llm~ tcmllillal chaotic attractor TZ = 1. obviously
SUCII a tlal)sit,ioll  has 1ZII1C101II  llatlllc since tllc oscillations of .?”] arc chaotic. lIowcvcr  tllc
l)rol):ll)ility  o f  t h i s  tlallsitioll ca]l l)G fo~lllcl I)asecl 111x)11  tllc l)lolxiljility  of .l] given by I’kl.
(144).

Mow gmleral  types of lnicrodyllal)lics  ali(l tllcir  al)ljlicaticnls  to illforlllatioll  processing
arr dcscrilxd ill [16]. 111 cmlclusioll  of this sccticnl  wc will discuss olml systcnls  with spatial
COllcrcllc(’.
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wllilc tllc fillitc-[ lill)c’llsi[)ll:il \’clsioll  of ,1,~ is:

ffs s]]mvll ill [21],  sl)at ia] sf~lf-<)lp;;llliz:[tioli  ill :Ictll:il (])ll~”sicttl) sl)acc call l)C acllicvul
1)1 il]tloducillg  a sl)ecial tylw of loc:il illt{lcollll(ctiolls”  silllllliltillp; (Iifl”llsic)li,  clislwlsiO1l, and
col)vcctiol],  wl)ilc tllc ullddyil]p; cc)lltillllolls  (ill till]c :111(1 s]mco 111(x1(1  is dcscrild ljy field
(’(llliit,iolls ill wllicll local illtclcc)llllcctiolls  :tl(’ 1(’])lt~s(slltccl  l)!’ sl~at ial (Iclivativcs  of IIcul’oll
]x)trlit,ials.  11] th is  section  lvc Ivill illcc)ll)ol:ltc, tlic (lifl”llsioll-t~’])c  local illtclcollllcctic)lls  into
tllc II)icl[)(lyllillllics  asslllllillf;  tllilt tll(’ 11( ’111’011 l)c)t(qlti;il  (Iisclttc (Iistlil)lltioli  .i’z Ovcl”  tlIc

illcliccs  i ctIII  lw Icl)lcsclitcd  lj~.  i t s  colltillllo~ls”  t\II:Ilop;  ,/’(. s).

(176)

(177)

(17’8)

Without  10ss  of gmlcrality  ollc call illtldllcc tile follo\villg initial  allcl hc}ulldary  coII-.

ditic)lls:

.?’(s,0)  = (), .I’(o, t) = J’(], f) = o (179)
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,1’/. ] : .1’, : ,? ’,+ 1

\\’ill  lIa\’c

‘1’lIc l)rol.ml~ility of tllc al)]mt]allcc  of such lmi]lts is:

(181)

(182)

)),. (l’i. ] = .r, =- l,+]) = (().5):] = ().  I?J [183)

(1s4)

‘J’lllls, cacll  lx)i)lt of tl)c cllrvc (I SO) \vitll tile l)rol)al)ilitl  ().937L \\’ill  Ictlull to tllc initial
collfi$;ll];iti(-)ll  .1” = 0, alldwitll tllc])rc)l~iil~ili  tj’().  ()62 b\ \-ill ill{)\-(:(lvi\j rflolll it. f~ctuallyt]lc
clll’\ ’(’

(18s)

(186)



s(lbjcct  to tllc col]ditiolls  (1’7’9)  Ivllicll  C: III lW ol]taille(l  1~~’  :1 s~llwrl)ositioll  o f  tclllls  w i t h

cxl)ollclltitilly  clecayillg;  Illlllt,il)li(qs:

IA IIS il]troducc  now ~wxial.~lc k)lIII(lary  cmditimls (i]]stcad  of (1 79)) asslullillg  that
tllcy ale go\wllIcd l)y allotllel dyl]all)ical  systclll:

Wllc’1’c’

do << LL!

Sillcr tllc gc’llcral sol~lt,ioll to F;q. ( 187) is a fzllllil)’ of stl:iigllt, lillcs:

‘1 (i

(189)

(1!30)

(191)



tlml tllc s(d~ltioll to tlic systmn ( 133), (1S9) a]]d ( 190) will [~scillat c c]motical]y  with respect
to tllc curvm of tllc falllil~’:

.r =  cl sip;ll ,~,s -1 czcosll!j,s (1!)4)

‘J’llc stabilitjr  of tl]csc  oscil]atiolls  follm\’s  flolll  tllc stal)ilitl’  of tllc Ill)(lcllyil)g  diflusim
cqllatioll  with clmil)  lcactjiolls:

2’, = ::(.?.,s -  /F.r) (195)

Ivl]osc cx])ollclltitll  clmay is cldillcd l)y t]lc cigell-1’alllcs:

A,, =  -  (/32 -1 7rp)2&, p= 1,2, . ..m. (196)

A s  ill tllc prcvic)lls case, tllc c]mice of tile cur\’c frolll tllc falllily  (  194) is  lIlaclc by
tllc lmllllclary Collditio]ls whicl)  arc colltrollccl I>y F;qs. (1s9), ( 190), all[l tllmf[m!, ax’c
osci]latillg  cliac)tica]ly almllt tl)c Y/IIIlm:

.r(o, t) =- (). .l’(l, f) : () (197)
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.Agail],  dcsl)itc  a l a r g e  lImllJcr of ll]ll~lcclictzil~lc  el(l]]mts,  tllc solutiml to Fkj.
SCIV(S its CIOSOICSS  to CIIIWm of tllc fiilllily ( 194 ).

(3. NI’;lJl{Ol )YNAMl~;Al,  h401)1’:1, 01’ lNII’01{h4A’J’10NT 11’lJSION

111 this scctioll  T\’C’ \\’ill :il)])ly 01)(11  t(’1’lllillill Il(lllc)cl!’ll;llllicztl s~-stcllls  fol
illforlll~ltioll” fusion.

I,ct 1]s f irst collsidcr  two llllcol~]jld  cl(wd s~wtcllls of tllc tylw (M):

( 193) ])11’-

silllulatillg

(198)

(19!.3)

%luticms  to tllmc  Cquatimls  a r c  rdlidwn, iIIId t h e y  al)l)ImclI  statiwlary  stodlastic

(zoo)”

i.e.,

(203)

(204)



‘1’lic systcln  (205) has the follmril]p;  set of ((iuilil~liulll states:

14TI]CII  tl)c sollltioll  to Hqs. (?03), (204) t(l)l~r(mclics tljc ~ittl:lctol  (206),  tllc dylmlnical
system  (203, (204  )  follllally  lU1llCCS to F:qs. (19 S), ( 199) \vitl~  tllc joil~t (~ellsity  (201).
II OUYWI> IIolf’ ill (201 ) Ollc lJlllSt Set:

i]] wllic]l

Ilcucc, tile llclllcJclyllalllict~l systc~ll ilnl)lelnmlts fusion o f  illforlnatiml  colnillg  frcnn
two il]dqmldcllt  sources abut tllc’ salne object, As a result of that) fusicm,  tllc ccnllbil-lcd
illforlllatiol]  i s  cllalactcrizcd Ly a]l elltlol~y wllic]l i s  smallm tllall tllc Clltlo])ics o f  each
oligillal  colllpol]cllt,s of illfc)l’lllt(tioll,  i.e., tllc kllmvlcdgc about this  object is illlprcwccl.



.l’~  ) (~]])

J’11 )

III tile l)]rvious  cxall]l~lcs, tile llOllllill  (Iistlil)lltiolls  Ivel’c  Cll[)s(’11  o n l y  for tl]c s a k e

of al];llytical  sillll)licit.y: aIly  other  clistlil~lltiolls  CaII lw utilim{l  with tlIr sal IIc cfi’cct  o f

illll)lol’t’lllellt  of tllc co]]ll)illd  i]lf(mnatioll.

‘1’IIc  IIcxt paladiglll  of illforlllatioll  fusiol) i s  associ?itd Ivitll l)tittclll  rccogllitioll.  111
this scctiol],  ]mtltcrn rccoglliticnl will bc col~sidcrcd as a multistq) ])roccss. 111 tile first, step,
tl~c l)attcrll is rccci~’cxl at  a global level \\’llell it call bc sillllll?itd by a lll~llticlilllcllsiollal
st,oc]]astic attract,  c)r. ‘J’llis attlactor rq)rmrllts  a class to wllicll tllc lmttcml hclollp;s.  III the
scco]ld stq), \\Tllcl] some additimlal  illfor]llatio]l  Ijecolues  avai lable ,  tllc olig;illal stodlastic
?itt,  r;ictor is Iqjlacd l>y a lower dilllellsiml Stochastic  attlactcm  \\’llicll Iq)rcscllt a suljclass
to wl~icll tllc pattcml klm~gs, etc. A clmil]  of s[lcli attractors of lomw a]]d lower dilllcllsiolk
alitim  wllicll i d e n t i f i e s  tllc patter)]  Ivitll Iligllcr al]d lli~ller accllracy,  call l~e illlplmmltccl
l)y tcml)il~d ncurodylkalnics  as follo\villg.

Ccnlsidcr  a dyllwnical  systmll (S7 ),  (SS) wllicll ll~~s a stochastic attlactol’ (89), and
assulllc  that,  as all adclitiollnl illfollmtionj  tllr rcglrssioll  of .l’z 011 .r] is givcll ill tllc fc)l’111:

‘J’lIcII, ]I]mlifyillg I+;qs. (87), ( S S )  ?Is follolvi])g;:
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.i’I = ~1 sillk[iw!sill(.ll -1 ,/2 ) ]  SiIILL’t -/

.~~ = q~ sillk[~dsili(,r~  -i ./2 )] sill<G1t  -1

iIIICl al]l)lyillg  tlIc  sal Ilc lillc o f  ZIlglllllc’llt;ltit)ll  as tllosf”  fol

t h a t  tllc S(”)llltioll t o  F,qs.  (214)  all(l (215)  a])]) l”oacll(’s a l l

(215)

I-:(js. ( 203, (204), OIICC C{)llcludcs

[))]f;-[lilll(’l)sic)ll;il  attractol’  wlliclI
is ~)l)t:lillc’cl  flolll  (S9) as a Ix’sll]t of l’(’])lil Cill~~-.l’~ I))” its (xl)lcssioll frt)lll (213):

;IIId tllc  constant c i s  follll(l frolll (11(,  Ilol.lll:lliz;lti{)ll co)lclitioll:

(216)

(217)

(J]}c  call vmify that tllc mltrol)y  of tllc attl.actol  (216) i s  smal ler  tllall  tllc clltrq)y  c)f
tllc origilla] attractor (89).

1]] tclllls o f  ])attclll  rmc)gllitiol], tllc olig;illa] attlactol”  ( S 9 )  (all  lx, idcllt ifid with a
class o f  lmttmls in \vlIicli cacll  lmt tcrll  is (.lltllilct(~liyrccl I)y t l)e lmlall)etcls 21 s l i d  22.
.411y collll)ill;it.ioll  of tllmc  l)alall]rtcl’s  has a cmtaill  l)lwbal)ilit~’  to tll)lwal’ ill a particular
l)attcrll, .L~ II ~ddit imal illfolll]at  ion alx)llt [lc]x’llclcllcc Iwt Ivccll ,r I all(l O’Y fol  t l]c ]>at telll
to lw lecogllizccl  extracts a sul)class  of l)atter]l  (216)  t o  ]vllicll  this lJattclll  lw]ollgs.

111 order to illllstratc  a clmill of stochastic attractors, start with tile dyllall]ical  system
(76) fox z=- 1,2,3 al~cl intmclucc  tl,c follmving; t,vo-cascade  ~~]ic~c,cly~~al~~ics:

(218)

T2 ) (219)

2’3) (220)



stc)cllastic

to a two-

(WI)

o f  0’] allcl rdcfillillg  t,llc constant flx)lll tllc l)ol’lll;\li7,:itic)ll  coll(litioll.” ‘1’llcll tllc sollltioll
coIIvcrgcs  to a OIIC (Iilllllcsiollal attl. actol Ivllicll (Iwclls 011 tllc lillc

J>2 = .r3

of tllc ])lallc (W]).
CON Cl,lJSION

‘1’llis  l)al)c:l.  prcsellts  and (Iiscusscs l)llysical Iuoclels  for Sillllllatillg  sc)lnc a s p e c t s  o f
llcllral  illtclligcllcc,  all(l ill lmrticlllar, tllc l)rocess of cogllitio]l. ‘J’l]c lllaill dclmrtmc  frc)lll
classical al~p)oacl] 11(w is ill utilizat, ion of tmllillal vcrsiml of classical (Iyllalnics  illtloclucecl
i]] [18,19]. Dasd upon Vi{jlatic)lls  of tllc l,ilwllitz collclitiol]  at C(lllilil)rilllll l)oillts,  tml)linal
dyllztlllics attail)s  tlvo llc~v fllllcla]llclltal  ])lolwrtics: it is irrcvcrsildc  and l:c)ll-(lcterlllillistic.
Slwcial attclltioll is focused 011 tc]ll]illal  llcll]c)~lyll:ill)ics a s  a  l)altic~~lar arcllitmt,ure  o f
tcllllillal  dyllalnics  \\’llicll i s  sllitablc for lncdcllillg  of illforllmtioll  ficm’s. ‘J’cllllilla] IICU-
r(xlyllalllics  ]msscsscs  a \\’(:11-cJlg;zillizc(l  plml)al~ilisit,  c strllctulc Ivllicll call lm allalytical]y
])ldictcd, l)lcsclihc(l,  an(l colltrolld, and tllclcforc. \\’llicll plescllts  a lm~vcrflll  toed for
]lloclellillg Ical - life Illlccrtaillties. Twobasic l)llcllolllclla  associated Ivitll ra]ldolll ldlavior
of 11~’lllc)clyll:illlic:il  solutions ale cx])loitml. ‘J’ll(filstc)llcis:i stocll?(stic~~ttl:ictc)l-  astablc
station. aly stoc.lla.stic l)K)CCSS tc) wllicll randol]] solutio]ls of C1OSCC1  systclll  collvcrgc. A s  a
l]]()<lcl of  cognition  ])rocess, a stochastic attractor call be l’iclvcd as a universal tc)c)l for
gmlcralization  allcl formaticm of classes of lmttcrlls. ‘1’hc couccpt  ofstocllastic  attractcmis
al)l)lid to lncdcl  a collective brain lmladig;lll cxl)laillil]g  cc)[.)l(lillatic)ll l~ct,lvcx’11  sillll)k} Illlits
of  i]ltelligmlce wllicll perfolvn  a collcctil’e  tasl{ lvitllo~lt (Ii)cct  cxcliallgc  of illfolllltttic)ll, I’l]c
second flllldalncllt,al  l~llello)mllo]l  CIiscllssd  ill tllc l)alwl’ is tcllllillal chaos  Tvl)icll occllrs  ill
(qwllsystcvlls.  .A1)l)liciitic) llsc)ftcllllillt\  l(ll:iC)st( )illfc)llllati[ )llfllsi()ll:\s \\ellttst  c)(xl)lalla-
tlioll and lllodclling  of  cooldill~tioll  a]llollg; lICII1O]IS  ill I)iological systems  ale (Iiscusd. I t
Sllou](l  bc Clnpllasizd  tl)at all tllc IIlodcls of tcllllilla]  llcuro(lylla]llics  :IIC ill-l])]clllclltak)lc
ill alialog clm’ices, \vllicll l]lealls that all tile cogllitic)ll l)lmcesscs  cliscussd ill tllc ])a~wr  arc

rduciljlc  to the laws of A’cwtolliall Illccllal)ics.
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